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PART 1

Wifferential Algebra



FermatOs Little Theorem
In" Z,!pprime

n! nP modp



FermatOs Little Theorem
In" Z,!pprime

n! nP modp

\

CRAP = nLn® This Is a p-derivatic
P

_ nlnP
lp(n) = =3




Zero mod p
/

_nlnID
lo(n) =
e

=~ Zeromod p



( n
Decreases valuation:

_plp
o(P) = .

=11 p* 4

op(P™) = pP™ & (unit mod p)

\_

-

Decreases valuation:

!t(tn) = N é.tn! 1




() = " np

Product Rule
0p(ab) = d,(a)b” + aP0,(b) + pdy(a)o,(b)

Sum Rule
Op(a+b) = op(a) + 0p(b)

non-linear

Kills Unit
1(1) =0



derivations ) X ring homomorphisms
5:A— A f 1A = A[e]/ (€2)

Ale]/{e?) = ring of dual numbers

(ap+ 'ag)(lp + b)) = aphy+ !'(agh + hay)



derivations ) )ring homomorphisms
0:A— A A — Ale)/ (e

Odual numbersq/
OinbnitesimalsO

p-derivations ring homomorphisms
AL AT T fi AL Wa(A)

\ OWitt vectors(')/
OwittbnitesimalsO

OWittferentiationO




-

Witt Vectors.
(Xo, Xl)(yanl) = (XOYO,XWB + Y1X8 + pX1Y1)
(x0,21) + (Yo,y1) = (zo + Yo, z1 + y1 + Cp(xo, Yo))

Cp(X,Y): Xp+Yp!p(X+Y)p | Z[X,Y]




»:A! B e L
#(a) = a? mod p " p-torsion fre€™.,

Al

lifts of the Frobenius p-derivationg

b DAl B + rules

(a) = P + p'p(a)



Always al\ -algebra
Defn.(Buium, Joyal) \

A p-derivationisamap of sets !, :A! B
such that

la,b" A
Op(ab) = 0p(a)b” + a”op (D) p5p(a)5p
1

5,(a+b) = 6, (a) + 6,(b) — % <p> a?' it



-

-

example.R = Z,
() = X xp EXAMPLES

\_

example.R = Z,[!]

= root of unity coprime to p

L (x)! xP
Ip(X) = (X)px

L (x) = unique lift of the frobenius

11" 1P on roots of unity
identity, else

J

" example R

ZU[

h(x) = &

) xP

p[l IN=1,p!1

P

~N




Cconstants

r

Constants of a derivation:
(K, 9) (ring with der)
K'={ceK :§(c)=0} (subring)

\_

r

Constants of a p-derivation:

R=27ZY (ring with p-der)
RO={r! R:'y(r)=0 (submonoid)

\_




R=2ZY

Properties:
1) unramibed CDVR, residue pdig

AN

2) Z = Z,[¢;¢" = 1,p 1t n]

3) unique lift of the Frobeniuss!'¢ : R — R
o(¢) = ¢



PART 2

OLinearO Wittferential Equations



Simplest Possible

Equation:
\)!a; = ""z(P)
~

Remarks.

x — 1 (x)(xP)' 1 almost a cocycle



Theorem (existence and unigueness)
| gln(R),UO! GLn(R)

ou = aulP
u! ug modyp

has a unigue solution o

proof. ?!Zl +y
ly= "y r | (u) = "{;(P)

Contraction mapping: f :GL,(R)! GL,(R)
matrix norms _- f(x)=1"*("x{P)
XUyl 1= 100! F(l " TX! Yl

u= r!ilgn f"(up)




Theorem (coeffs in CDVR) ou = aulP)
u! ug modp

O = Complete Discrete Valuation Subring

up! GL,(O)and! ! gl,(O) = u! GL,(O)
Proof. O =R' (characterization) gl +D
1" (Ug) = Ug, !'(")="
L (u) =" u(p)

! | +1 (U) = | ("u(p))
(T (u) = (u) P



Theorem (coeffs in valuation delta subring)

— (p) - '
ou = oau O = valuation delta-subring
u!l wug mod D

Uop | GLn(O) and ! | gln(O) =" ul GLn(O')
O'/O bnite extension of delta-subrings

Strategy: reformulate as dynamics problem!!

Proof. ug,!,"=1+ p! ! gln(d)) > @

CDVR reqgularity Lemma! I " 0,"' (u)= u




Theorem (coeffs In valuation delta subring)
UO! GLn(O) and ! ! gln(O) =" ul GLn(O')

O'/ O Pnite extension of delta-subrings

Strategy: reformulate as dynamics problem!!

u = !"(u)
=S 1("u(p))

= aaa

= PO 2 (aa@u) aapP)®
w! GL,(R) Wm) = pick out mth column

properties 1) (W(p))(m) = (W(m))(p)
2) (VW)(m) — (VW(m))



Theorem (coeffs In valuation delta subring)
UO! GLn(O) and ! ! gln(O) =" ul GLn(O')

Strateqgy: reformulate as dynamics problem!!

u

= U properties
= LU (W) (my = (W(m)) P
= 4aa

e 2ty (A AEUP) & ARP) P (VW) (m) = (VW(m))

Um) = Iy 1(!!! z(éééugfg))éé)ﬁp))(p)

AT AR
L (") = # 1(# 2(&a@" ) aanP )

Um)  pxed pointof ! tAM(K?®)! A"(K?)




Theorem (coeffs in valuation delta subring)

Ug ! GLn(O) and ! ! gln (O) =" y/ GLn(O')
Um) = Hrra(hr z(éééugfg))éé)gp))(p)
Dynamics! ! -Ag ! Ag F = Frac( O)

(") = #1(H) 2(8a@ D) aapr) P

Lemma.
# bxed points of
I CAT(K3) D AMN(K?E) <




Theorem (coeffs In valuation delta subring)
UO! GLn(O) and ! ! gln(O) =" ul GLn(O')

Lemma.
# Pxed points of
I CAMNKR) ! AN(KE) <

general principle:

po/lF =1 Pbxed points off : A"(K2)! AN(K?)
C A™(F*)

=!" columns are In Pnite algebraic extensions



Lemma. (Fornaes and Sibonay)
# bxed points of
I CAM(K?3) ! AN(K?) <

proof. ¢(x1,...,2n) = (21,...,2n)
1 1 -iomogenize

| ! - dl 1 _
bu”t frOm 77 H n(p) _ Y . I j (Xl 11111 Xn) l XO X] e
Claim _ i i
Y N{xg=0}=0| Y zero dimensional I

pPxed points of _
T CAN(KA) L AN(K ) ~t(Lu) g



Galois Theory

o! R.!! gl,(0)
!u:"u(p)

O[u] = Olu; | = Picard-Vessiot ring
= RiIng obtained by adjoining entries
of u

Galois Group

(cl GL,(O):"! | Auto(O[u]),! #" = "#1! .1 (u)= uc
Gu/O




Galois Group oftu = " u(P)

(cl GL,(0):"! | Auto(O[u]),! #" = "#! .1 (u)= uc
Gu/O

Alternative Descriptions:

1) 'wo ={!"! Auto(Ofu]);! ""=""1 }
!u/O = u/ O
2) O! Iyo! O[x,1Vdet(x)]! OJu]! G

StabGLn (R)(I u/ O) = C:\'u/ O




lu="ulP

Question: For whatc! GL,(R) do we get
1 (uc) = " (uc)P 2

I'(uc) = uP1(c)+ !'(u)ct? + p!(u)! (c) + {u,c}

(P) o(pP)m (p)
{U,C}! — u C p(UC)




L (uc) = uP1(c)+ 1 (u)c® + pl(u)!(c) + {u,c}’ fu,ct! = L e (o)’
Claim.

1) {U1C}! =0 — = " (P)
%) 1c=0 = !(uc) = " (uc)™®

Main Example:

T = maximal torus of diagonals

= permutation matrices
N=WT=TW
G’ = matrices with roots of unity entries

subgroup of

\_CBLa(FD

N' = T'"W = WT' = permutation matrices with roots of
unity entries




Theorem.
O! R delta subring

O! R' u! © = Gyo Pbnite

lwo = {! I Auto(Ofu]);! "~

— Gu/ O
Pnite to beg@

[
)




Theorem A.

30 c Q2 Othin setO
11" Z2\ 1 lu" GLa(R) 1y= "y

Guw o = pnite group containing/

| 1 zn°




Theorem B.
X ={u! GL4(R);u" 1 modQp}
= pall around identity
11" X of the second category

lu" X\ 1O CR §-closed subring

1) 6(u)(utP) 11 gl (O)
2) RI1 O

=1 Gu/O —

N!




Theorem C.
N

GL,(K?) Zariski closed

Vu € GL,(R) \

Ol

v = aulP)

I -closed subring ofR

dim((Z 4G, )43 ! n




