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Cech Cohomology

X scheme
71 _ 1 Tl
G sheaf of groups H(X,G) = %HH (U, G)

U ={U;};_, open cover

Cocycles:  (gi;) Cohomology: (gi;) ~ (g;;)
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Kodaira-Spencer Map

KS : { derivations on K } — H'(X,Tx)

0: K - K K =field with a derivation
Cover Get Local Lifts

Take Differences



not surj (missing zero)

Higher Order classes
° °
Deligne-lllusie Mag
- N
1
IR T A . delta, A_
DIO:{p—dG - R}-)H(XQ,F*CZ o
Does this relate to Serre- RETAIN INFORMATION
Tate for Ab? MOP P2 not MOD P9
:Nhﬁf lfs lr{i?sfory for E?
s this t_17
0: R— R
o Is it injective?
Cover p t Local Lifts = Wiates ftace
}N}}af dqesfvg’t i;r do?
s it surjective?
X — U U@ 5”& . O(U — O(U@) 5Z|E How doesn’t it do this?
)
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ake Differences

0w [6; — 6;] € H' (X, F*Tx,
need to [mod%y] b %)

explain this
doodad



Infinitesimal
Lifting Property

Geometric Setting

Ble] /(e

C — Dl(B) .=
I = (¢e)

I? =0

)

Get Local Lifts

> O P en Is this smoothness?

l / l Is this Hensel?

>C/ 1

Arithmetic Setting

How can | think about
C = this?
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The Frobenius Tangent Sheaf
D e F*TXO

Derivations of the Frobenius
D(a + b) D(a) + D(b)
D(ab) D(a)b? + a? D(b)



Derivations of the Frobenius

D(a+b) = D(a)+ D(b)
D(ab) = D(a)b’ + a?D(b)

01,02: A— B B € CRing,
D(a) := 01(a) — 02(a) mod p

aP + bP — (am
Additivity: CRAP =
p

D(a+0b) =0d1(a+b) —da2(a+Db

{(6) +CRAP)- (33(a) + 85(0) +CRAP)
Product Rule:
5Z(ab) — 5Z(a)bp —+ ap5@(b) —|—




Arithmetic Jet Spaces R — gur

p
O(J* (Spec(A)))
6unz’fuersal
/ always an A-algebra
5
A B
A )\A
R > R
0
Example Aj = Spec R[z] TURE LXAL

FREE OBJECT THROUGH

O(]l(A}Q)) _ R[LE] [m-]A: R[ZIS]{LB} Rest WHICH EXTRA FACTORS r Series
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Geometric Descent
X /K smooth projective
K=K char(K)=0
0: K — K

What is X/K?

K’ ={reK:4(r)=0}

Theorem
T.FA.E.

1. KS(8) = 0

2. JH(X)=TX as schemes over X

@K(s such that X’ ® s K@

escent to the constants




Arithmetic Descent

X/ 2;;"“ smooth
0: 21, — 7L,

How can we get an
equation that describes
when we have a lift?

Theorem

T.FA.E.
1. DIy(6) =0

2. JYX)g = F*Tx, as schemes over X

@admits a lift of the p—Fr@

Jescent to the field with one elemént

@ends to Borger-Buium F; = DIy(d,) =0




AN

2y = Z,[¢: ¢" = Lptn)

AN

ZY = {r:8(r) =0} g(ry = A=

p
— Monoid of roots of unity

= M

DIo(6) =0 = 3X|/M; such that X| @ 2" /p* = X



Positivity

>

genus 0
curves

Monoidal

Alg Geom

Frobenius Lifts

kK <0

i
genus |
i
curves

Calabi-Yau

=N
|
-

Fro

genus 2 >=
curves

General Type

benius Does Not Lift

k>0




What is the principle of
computations?

What care about explicit
comp?

What makes the
computation difficult?

Simple Problem:
Describe the set of A such that

X0+ X7+ X0 4+ X2 4+ X2 — MX o X1 X0 X3X, X5 =0

admits a lift of the Frobenius

N\



PHS *> torsor

Relation of Deformation classes to Jet Sp

Grou Cohom
Setup Torsor Schempe Class
X/K JHX) Tx /K KS(9)
X/Z | JNX)o | F'Tx, | DIy(o)




Main THeorem of Talk

How do you get this lif1?

What hapg’ens in elliptic ( / K

curve case

Higher Dimensions?

Procedure?

-“Structures” 0K

-Cocycle

curves

sewp | Torsor | (P | ST
JHX) Tx /K KS(9)
);/2;” JYX) | F*Tx, | DIy(6) ™
X/ze | JHX), L, DI, (8) _
curves
X/zw | JYX) I DI(5)

What does th
mean?



need p-formal completion

® CArithmetic Jet Spaces are affine bundles

® Affine bundles have associated cohomology
classes

® the cohomology class ~ee~rintad to the jet
Natural To Investigate
space controls the D



® Arithmetic Jet Spaces admit reductions of
the structure group.

® Elliptic Curves may admit multiple ™%

reductions of the structure group!!!
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| ocal Trivialization —
of F-bundles

Y

ED?T_l(U) > U >

P

X DU






Trivializing Cover

s X:Um

Transition Map
Vij =iow; e Aut(F)(Uij)

L Lo
T (Uij) b Uji x £
J

N




i = Yioh; e Aut(F)(Us;)




:
\

Us;

Class associated to Bundle

~ [Yy;] € H' (X, Aut(F))



- Who is the Big Class?

What is the data
actually given by?

What is the data given
by wod p and wod p“2?

B = [1hi;] € HY(X, Aut(A™))

Controls Deligne-lllusie



Fiber Bundle

Y

—1
D U, U; X F
ES>m ) —5— H < Aut(F)
T Extra Condition
v ij € H(U’L]D
X DU,
Deﬁnition

— = Maximal H-atlas

Deﬁnition



U, = Spec R|x

EXAMPLE | P' = U, U, ]
U, = Spec Ry

Po we need to know
about the A1 example?

Ui NUy = Spec R|x,y|/(xy — 1)

J'(PEL) =277



@, =
(
1)) O
(
1)[. AN
U Up)|z]

IP)l
=U
1 UU
2

U
1 p—
Spec R
k3

O €T = ) —
12)[. | 1)[ R 2
] O( O( 2)[ ] SpecR
1 . -
( 1 ) ] Yy
2 ) Q
[ J (U O(U
(
12)[?/A
]
O(ly] T
12)[ ]

O
(U
12) [T




. U, = Spec R|x]

P =U; UU, -

U, = Spec Ry
O(JH(Uh)) = O(U,)[i] —— OUL)[T] i T
O(J'(Uz)) —=— O(U)[T] i T

O(Ui2)|T]




—
yP (yP + py)




Us; = Spec Ry
O(Un)[z] = O(J (Ur2)) = O(U2)[y]
\N y— 1
Low O(Uy)[T]
o) gl D) Y2 VT
JHU)

Upa x A’



Us; = Spec Ry
O(Un)[z] = O(J (Ur2)) = O(U2)[y]
\N y— 1
Low O(Uy)[T]
o) gl D) Y2 VT
JHU;9)

U12 XAl



¢y
Uo X AL
—T
yP (yP + pT)

— 1% b S — sk sk
=1y Py (T) — (%% 1) (T) — ¢12(T>
T what is the point?
T\ —
Vill) = = ot ¥ o) ol et 7
e g from.
h1o] € H (P!, Aut(A)) S




EXAMPLE X : f(z,y) =0

étale
l étale
Uy = X\ V(fe) X = Spec Rlz,y|/(f(z,y))

Us = X\ V(f,) = U, U U,



Why do you
show this ¢

U =X \ V(fac) X = SpeC R[x,y]/(f(x,y)}
Us :X\V(fy)



X = Spec Rz, y|/{f(z,y))

What is £'{\phi}? f (aj y y) —

7

Uy = X\ V(fa) gb(f)p_ = =0
Uy =X \ V(fy)
@wi‘,y“rpy) f(z,y)P _
~ Jp/

fO(z? + pi, y* + py) =777

g(T) =ag+ a;T + --- then g¢(T) = ¢(ag) + ¢(a)T + - -



X = Spec Rz, y|/{f(z,y))

FfO(x? + pa,yP + py) = f%(aP,yP) Oth order
af¢ p P\~ | 8 ¢ p P\,
+ p _%(x ,yP) T 9 (2P, y )y_ | st order
K o o 0%f L 2

5 (27, y") i 2 5, @) + 5o (aP, )

2nd order

various orders




X = Spec R[z,y]/(f(z,y)) 3 p*

G (P " P AN p 1
o f7@? +piy? +py) = flry)” 1 Zp—hd_ f(x,y)?
p p d>0
. (xp’yp) o f(il?, Y pd_l
_ g ha
5 d!




X = Spec Rz, y|/{f(z,y))

particular form!




EXAMPLE X : f(z,y) =0

étale
l étal:
Uy = X\ V(fe) X = Spec Rlz,y|/(f(z,y))

Us = X\ V(f,) = U, U U,



X =
spee Az, )/, y) Uy = X\ V(f Sttt

o (] b2
U12><A1 < Jl(U12) > U12><A1

= A+ Bi + pCi® + O(p?)
— ¢12(T) = A+ BT —I—pCT2 -+ O(pz)

What was the goal?
Pl oy, LT opec fil buthuerthet
U2 — Spec Ry wacky subgroups?
i = — 1a(T) =
yP (y? + py) yP(y? + pT')



Transition maps for Jet Spaces lie in wacky
subgroups!™

A, < Aut(Aan_l)

P(T) =co+ 1T+ peT? + -+ +p" et T" mod p

What is a Degree
Strueture?

Prop. These are groups

7

Prop.
p > 6g —5 = 3 tri-canonical A,,1-structure on J(X),



( transition maps for J'(X) mod p?)

What is the point of this
slide?

Example |

What does the coeycle

W(T) =T + pT*? Feettons ok e
v HT) =T — pT? - -

Example 2
(CL() -+ CL1T -+ pCLQT2> O (b() -+ blT —+ prTQ)
— (CL() -+ a1b0 —|—pCL2b(2)) —+ (albl -+ 2pa2b0b1)T +p(a1b2 -+ CLQb%)T2



( transition maps for J'(X) mod p?)

Example |
W(T) =T + pT~

¢_1 (T) — T o pT2 What is the point of the

cocycle you are going to
cook up?

Example 2
(CL() -+ CL1T -+ pCLQT2> O (b() -+ blT —+ prTQ)
— (CL() -+ a1b0 —|—pCL2b(2)) —+ (albl -+ 2pa2b0b1)T +p(a1b2 -+ CLQb%)T2




(CLQ -+ CL1T + pa2T2) O (b() -+ blT -+ prTQ)
= (ag + a1by + pasby) + (arby + 2pasboby)T -I-@z —I—@Q

Prop/Def
To(co + 1T + peaT?) =

C2

T2(fog) = ma(f) -m(g) + 12(9)

albg —|—CL2b% _ bz | a9

aq b1 b1 aq



Consider the whole situation mod p
Theorem

Bo = [aij + b;;T] € H' (Xo, AL)

NN

How to prove B? (General

idea used in A Nonsense}
AL; = Aut(Ag )

DIp(0)

a+bloc+dl=a+bc .

Conventions
OXO O3 i > (OX
: T pi : O(U;) = L(Us)
H'(X,0x x 0%) > H'(X,0%) 0;(1) = v,
m(Bo) = [bsj] = [F"T'x,) bijvi = v;

- L] =by]



idea of B

Conventions
wi(1) = v;

bijfUi — Uj

L] =bij]



1)= (@igs big)  (Qga, bji) - (aki, bi)
:@ijajk bijbjkakq; bmb]kbkz)

Conventions
©w; » OU;) — L(U;)
pi(1) = v;

(aij, bZJ) — Sij = QOZ(CL@]) & L(Uw)

bijvi — Uj

L] =bi]

Sij T Sjk T Ski = Qi;V; + QjRV; + Qk;Vk
= a;jV; + @bV + ag;biibipv;
=0



Strategy: Find “images” of 0 in semi-direct products

use GROUP COCYCLES



GROUP COCYCLES

Defn. ®:G— A
®(g1g92) = ®(g91) + g1 - (g2)

G — A x Aut(A)
YT e (@) p(9)



GROUP COCYCLES

Left Cocycle Right Cocycle
o:G— A o:G— A
®(g192) = P(g1) + 91 - P(g2) D(g192) = P(91)7* + -@(g2)

G — A x Aut(A) G — Aut(A) x A
(

N CIONI) T g (plg), @(9))



cook up right cocycle + map: e
’raufz sgg;d fzr’.'m

f7_2 : Hl ()(17 AQ) N [_[1()(07 OX q O) What was iota_{right)?

apply to big class to get twisted cocycl..
sz(Bl) = Hl(X()vOX X O)

fr (B1) = [O‘i&j_l]
image class: ﬁ genus> |

tright (fra(B1)) € H' (X0, Q% )= 0

get affine linear structure on first jet space:

B1 = [t o w']—l] fra(Vij) = fr(Va, ) fro (ngl)
S
Vo, Yijtha,; € Ker(fr,) = AL1(Ox,)




{ Find a Group Cocycle]

r

~N

!
map to a semi-direct product
HY(X,0* x O)
!
line bundle )
\ HY (X, L)/~ )
|

Does the class vanish?

\_

no / \)yes

What is going on in the
elliptic curves case?

[ non-trivial structureJ

\_

4 R )
reduction of structure
group

J




Prop.
You can NOT have the same physical affine bundle
with two different GL | structures

how line bundles are built

I [T, U; x A? morphisms = collection of
- ~ maps
T fz .
U; X Al > U/, X A
v
X Multiple Struetures?
+ compatibility
Uij x A Z > Uij x Al
Vi l l Qp;] Jj o = w;] o f;
Uji X Al > Uji X Al







THE END



