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• Cris Moore: Can one find a “formula” for 
the number of ones of 3^n in binary?



Some Computations:
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proportion of 1’s in the binary expansion 



(n,
number of 1’s in (5

n
)2

log2(5
n
)

)



(n,
number of 1’s in (3

n
+ n4

)2

log2(3
n
+ n4

)

)



(n,
number of 3’s in (5

n
)7

log7(5
n
)

)



✓
n,

number of 2’s in (2

n
)3

log3(2
n
)

◆



lim

n!1

dn
log3(2

n
)

=

1

3

Data Says:
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N(X) := #{n  X : (3

n
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N(X) = 0X >> 0

Erdos (1979): 

implies 
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N(X)  �0X
↵0

�0 = 1.62 . . .

↵0 = log3(2) ⇡ 0.6309

Previous Work:

Narkiewicz (1980):

Lagarias (2009): N(X)  �1X
↵1

�1,↵1 (explicit)

(more general)

Rem: bounds of this type can’t give conj

N(X) := #{n  X : (3

n
)2 omits a 2}



p = prime

q = prime

a 2 {0, . . . , q � 1}

General Setup:

dn = number of a’s in (pn)q

dn,m = number of a’s in first m bits

dn,m
m = proportion ...
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dn,m = number of a’s in first m bits

Two considerations 
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Prop (D., Weirich)  
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dn,m = number of a’s in first m bits



example: p = 3, q = 2

powers of 3
in binary

* first m bits are periodic 
* period is the order of 3 mod 2^m

1 1

11 3

1001 9

11011 27

1010001 81



Hm = group generated by p in (Z/qm)

⇥

hm = #Hm = order of p mod qm

( first m bits of pn) = (image of pn in Z/qm)
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Lemma.

* first m bits are periodic 
* period is the order of 3 mod 2^m

dn,m = number of a’s in first m bits
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ker((Z/qm+1)⇥ ! (Z/qm)⇥) = Z/q

Km := ker(Hm ! Hm�1)  Z/q

#Km := km

km = q or 1

1 + a · qm mod qm+1

a 2 {0, 1, . . . , q � 1}

A(m) =

✓
1� 1

m

◆
A(m� 1) +

1

(q � 1)qm
(km � 1)

Lemma.

typical elt of kernel

awn�1=)Km = Z/q

Km = 1 0wn�1=)
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Lemma.

Proof: By induction and cases

km = 1

km = q

same bit distribution as before

more equally distributedKm = Z/q

Km = 1

awn�1

0wn�1



k̄n = kn � 1

k̄1 := q � 1
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notation:
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dn,m = number of a’s in first m bits

point:
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Corollary:

hpi (Z/qm)⇥Reduces to studying       inside 
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What about these guys?

(just look at order of growth)


